Chapter 5
Onset of double diffusive convection in a Maxwell fluid saturated anisotropic porous layer with internal heat source
Introduction
The convection driven by the buoyancy that is contributed by two different diffusive components, namely, temperature and solutal concentration, with differing rates of diffusion is widely known as "double diffusive convection" or "two-component convection". The study of double diffusive convection in porous media has attracted attention of many researchers during the recent past due to its widespread applications, from the solidification of binary mixtures to the migration of solutes in water-saturated soils. Other important examples include geophysical systems, electro-chemistry and the migration of moisture through air contained in fibrous insulation. Excellent reviews of most of the findings related to the double diffusive convection in a porous medium has been given by Nield and Bejan (2006) , Ingham and Pop (2005) , Vafai (2000 Vafai ( , 2005 and Vadasz (2008) . The onset of thermal instability in a horizontal porous layer saturated with Newtonian fluid was first studied by Horton and Rogers (1945), and Lapwood (1948) . Some of the other researchers who have studied double diffusive convection in a porous layer are Rudraiah and Malashetty (1986) , Poulikakos (1986) , Mamou (2002) , Bahloul et al. (2003) , Boutana et al. (2004) , Benissaad and Ouazaa (2012), Malashetty and Biradar (2012) .
Part of this chapter has been published in the journal "Special Topics & Reviews in Porous Media -An International Journal", 4 (4), 359-374, 2014. Most of the studies have usually been concerned with homogeneous isotropic porous structures. However, for geological and pedological process rarely it forms isotropic media, as is usually assumed in transport studies. Processes such as sedimentation, compaction, frost action and reorientation of the solid matrix are responsible for the creation of anisotropic natural porous media. Anisotropy is particularly important in a geological context, since sedimentary rocks generally have a layered structure; the permeability in the vertical direction is often much less than in the horizontal direction. Anisotropy can also be a characteristic of artificial porous materials like pelleting used in chemical engineering process and fiber materials used in insulating purposes. Many authors have studied the effect of anisotropy on the onset of convection in a porous layer. Some of these studies are: Tyvand and Storesletten There are situations of great practical importance where the porous material offers its own source of heat. This situation presents another mechanism of producing thermo convective flow due to local heat generation within the porous medium. Such a situation can occur through radioactive decay or through a relatively weak exothermic reaction. Due to internal heating of earth there is a temperature gradient between the interior and the exterior of the earth's crust, saturated by multicomponents fluids, which helps convective flow. Therefore, the effect of internal heat generation is very important in several applications that include reactor safety analyses, geophysics, metal waste form development for spent nuclear fuel, fire and combustion modelling, and storage of radioactive materials. The effect of internal heat source on the onset of convection has been carried out for various types of fluids by many researches. Haajizadeh et al. (1984) , and Rao and Wang (1991) studied a uniform heat-generation term across an enclosure with isothermal vertical walls and adiabatic horizontal walls. Khalili and Shivakumara (1998) investigated the onset of convection in a horizontal porous layer with net through-flow and internal heat generation. Khalili and Huttel (2002) have studied the effects of throughflow and internal heat generation on convective instabilities in an anisotropic porous layer. Hill (2005) performed linear and nonlinear stability analyses of double diffusive convection in a fluid saturated porous layer with a concentration-based internal heat source using Darcy's law. Magyari et al. (2007a) have examined the effect of the source term on steady free convection boundary layer flows over a vertical plate in a porous medium. Double-diffusive penetrative convection simulated via internal heating in an anisotropic porous layer with throughflow was studied by Capone et al. (2011) . Natural convection in a rotating anisotropic porous layer with internal heat generation using a weak nonlinear analysis has been given by Bhadauria et al. (2011 ). Bhadauria (2012 has studied the double diffusive convection in a saturated anisotropic porous layer with internal heat source using a linear and weak nonlinear analysis. Recently, Altawallbeh et al. (2013) have analyzed the double-diffusive convection in a saturated anisotropic porous layer with Soret effect and internal heat source.
The flow of non-Newtonian fluids in a porous layer is of great interest in different areas of modern sciences, engineering and technology like material processing, petroleum, chemical, and nuclear industries, and geophysics and biomechanics engineering. Some oil sands contain waxy crudes at shallow depth of the reservoirs which are considered to be viscoelastic fluid. In these situations, a viscoelastic model of a fluid serves to be more realistic than the Newtonian model.
Recently, interest in a viscoelastic flows through porous media has grown considerably, largely due to the demands of such diverse fields as geophysics, biorheology, chemical and petroleum industries. Some studies on viscoelastic fluid saturated porous medium are; Rudraiah et al. (1990) , Kim et al. (2003) , Yoon et al. (2003) , Bertola and Cafaro (2006) , Malashetty et al. (2009b) , Kumar and Bhadauria (2011), Swamy et al. (2013) . Wang and Tan (2008) have investigated the stability analysis of double diffusive convection of a Maxwell fluid in a porous medium by using linear theory. Awad et al.
(2010) used the Darcy-Brinkman-Maxwell model to study linear stability analysis of double diffusive convection in a Maxwell fluid with cross-diffusion. Recently, the onset of double diffusive convection in a Maxwell fluid saturated porous layer has been studied by Gaikwad and Biradar (2013) .
Although some literature on double diffusive convection in an anisotropic porous medium saturated by ordinary fluid with or without an internal heat source is available, very little attention has been devoted to the study of double diffusive convection in an anisotropic porous layer saturated by viscoelastic fluid with an internal heat source. To the best of the author's knowledge, till date no study is available, in which combined effect of both internal heat source and Maxwell fluid has been investigated on double diffusive convection in an anisotropic porous layer. Therefore, the aim of the present work is to study the linear and weak nonlinear stability analyses of a binary Maxwell fluid saturated anisotropic porous layer with an internal heat source using a modified Darcy-Maxwell model. Our objective is to study how the onset criterion for stationary and oscillatory convection is affected by the internal Rayleigh number, relaxation parameter, and anisotropy parameters, and also to know their effect on heat and mass transfer.
Mathematical Formulation
We have considered a Maxwell fluid saturated horizontal anisotropic porous layer with internal heat source, confined between two parallel horizontal planes at The basic state of the fluid is assumed to be quiescent and is given by 
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The steady state solutions are given by 
By operating curl twice on equation (5.13) we eliminate p′ and then use the scalings 
Linear Stability Analysis
In this section, we predict the thresholds of both stationary and oscillatory convections using linear theory. The Eigen value problem defined by equations (5.17)-(5.19) and subject to the boundary conditions (5.20) is solved using the time dependent periodic disturbances in a horizontal plane. We assume that the amplitudes are small enough and can be expressed as
where l , m are the wavenumbers in the horizontal plane and ω is the growth rate. We assume the solutions to , ,
The most unstable mode corresponds to 1 n = which is the fundamental mode.
Substituting equation (5.26) for the fundamental mode into equations (5.22)-(5.24), and using the solvability condition we obtain an expression for the thermal Rayleigh number 
The minimum value of the Rayleigh number In the absence of the internal Rayleigh number, i.e., 0,
which is exactly one given by Malashetty and Swamy (2010) 
Oscillatory Convection
For the marginally oscillatory state we now set 2  2 2  1 2  2  2  2  2  1  2  1  1  2  2  2 2  2  1 2  2  2 
Since T Ra is a physical quantity, it must be real. Hence, from equation ( 
.
The analytical expression for the oscillatory Rayleigh number given by equation (5.35) is minimized with respect to the wavenumber numerically, after substituting for 
Weakly Nonlinear Analysis
In this section we consider the weakly nonlinear analysis using a truncated representation of the Fourier series considering only two terms. We have performed the linear stability analysis in the above section, which is sufficient to obtain the stability conditions, but it cannot give information about the rate of heat and mass transfer nor about the values of convection amplitudes. Therefore, here we need to perform the weakly nonlinear analysis to obtain the additional informations. This will be one step forward in understanding the full non-linear mechanism of double diffusive convection.
For simplicity of analysis, we confined ourselves to the two-dimensional rolls, so that all the physical quantities are independent of y . We introduced stream function 
Now consider a minimal Fourier series with one term in the stream function, and to get some effects of nonlinearity, take two terms in the temperature and concentration fields as given below 
The above nonlinear system of autonomous differential equations for time dependent variables is not suitable to be solved analytically, and thus it is to be solved using a numerical method. After determining the value of the amplitude functions 1  1  2  1  2 , , , , , A B B C C and 1 E , we will obtain the expressions for the Nusselt number and
Sherwood number as a function of time. 
Steady Finite Amplitude Motions
Heat and Mass Transport
The quantification of heat and mass transport is important in the study of thermal convection. This is because the onset of convection, as the Rayleigh number is increased, is more readily detected by its effect on the heat and mass transport. In the basic state, heat and mass transport is by conduction alone. We now proceed to find the Nusselt number and Sherwood number. 
The second term on the right-hand side of equations (5.61) and (5.62) represents the convective contribution to the heat and mass transport, respectively.
Results and Discussion
The onset of double diffusive convection in a Maxwell fluid saturated anisotropic porous layer with internal heat source is analyzed using linear and weak to enhance the onset of stationary and oscillatory convection. Here, it is interesting to note that the effect of the thermal anisotropy parameter η is opposite to that of the mechanical anisotropy parameter ξ .
The effect of stress relaxation parameter 1 λ on the neutral curves for the oscillatory mode is shown in Figure 5 .4. We observe that increasing the stress relaxation parameter results in a decrease of the minimum of the oscillatory Rayleigh number. Thus, the effect of an increase in the value of the stress relaxation parameter is to destabilize the system in oscillatory mode. Furthermore, we find from this figure that the minimum of the Rayleigh number shift towards the smaller values of the wavenumber with increasing stress relaxation parameter. indicating that the effect of mechanical anisotropy parameter is to destabilize the system in the stationary, oscillatory and finite amplitude modes. Also, we observe that the threshold value of the solute Rayleigh number above which the oscillatory convection is not possible increases with an increase of mechanical anisotropy parameter ξ .
The variation of the critical Rayleigh number for stationary, oscillatory, and finite amplitude modes for different values of thermal anisotropy parameter η is shown in Figure 5 .9. We observe that the critical Rayleigh number for stationary, oscillatory and finite amplitude modes increases with increasing thermal anisotropy parameter η when the solute Rayleigh number is fixed, indicating that the effect of thermal anisotropy parameter η stabilizes the system. Also, we find from this figure that the threshold value of the solute Rayleigh number above which the oscillatory convection is not possible increases with decrease of thermal anisotropy parameter. 
